In previous studies, researchers used the fractional definition of Caputo to study fractionalorder power converter. However, it is found that the model based on Caputo fractional definition is inconsistent with the actual situation. The fractional definition is crucial for the application of fractionalorder theory into electric engineering, which directly influences the accuracy of model and operational characteristics of power converter. This paper analyzes fractional-order Buck converter according to the fractional definition of Riemann-Liouville. Firstly, the converter model operating in continuous conduction mode (CCM) is established under Riemann-Liouville fractional definition, and it shows that voltage gain and inductor current are relative with the order, but they are independent of order in the model of Caputo fractional definition. Secondly, the different steady-state characteristics of CCM Buck converter are researched under the models of Caputo and Riemann-Liouville derivative. Finally, the feasible simulations and experiments verify that the model derived by Riemann-Liouville fractional definition is more accurate and suitable for analyzing Buck converter.
I. INTRODUCTION
Many well-known modeling methods for power electronic converter are based on the case where the capacitor and inductor are integer order, but a number of researchers have shown that the actual capacitor and inductor are fractional order in nature [1] - [4] , therefore it is inaccurate to use integerorder model to describe the actual power electronic converter. Reference [5] has applied fractional-order devices to highfrequency high-power converter, and if the traditional integerorder model is used to analyze the system at this time, then the wrong conclusions may be drawn. Consequently, fractionalorder theory began to be applied to modeling and analysis of power electronic converter in order to build a more accurate mathematical model [6] - [8] .
For the moment, there are many kinds of fractional definitions, and common fractional definitions include Riemann-Liouville and Caputo fractional definition [9] - [13] . The Caputo derivative of a constant is zero, whereas Riemann-Liouville derivative of a constant is not zero, then it is precisely because the Caputo derivative has the corresponding above property, hence all researchers usually exploited the fractional definition of Caputo to study power electronic The associate editor coordinating the review of this manuscript and approving it for publication was Yijie Wang . converter, and ignored the fractional definition of Riemann-Liouville. In [14] , the fractional definition of Caputo was used to analyze fractional-order Buck converter, and the deduced quiescent operating point is identical with that of the traditional integer-order Buck converter, i.e., the quiescent operating point is only related to the duty cycle, and that is not associated with the order and the load. Reference [15] - [17] utilized the fractional definition of Caputo to research power electronic converter, and simulation was used to verify the theoretical results, however, the experiment was not carried out. To describe the operating state of the circuit more accurately, it is of great theoretical significance to research the applicability issue of different fractional definitions in power electronic converter, in addition, the applicability issue is also a pivotal part of applying fractional-order theory to engineering fields.
Some researchers have applied fractional-order devices to power converters [18] , filter circuits [19] , and sinusoidal oscillators [20] , then it is found that fractional-order devices can provide the additional degrees of freedom and increase the flexibility of design. In addition, Reference [17] also shows that the overall closed-loop response of fractionalorder Buck converter is more stable with the decrease of inductor order. At present, fractional-order devices of specific order are barely available in the market. Therefore, the fractional-order devices of specific order need to be constructed in the laboratory. Fractional-order devices are mainly implemented by the rational approximation method [21] , [22] and Generalized Impedance Converter (GIC) [23] . The approximate circuit that is constructed by the rational approximation method has the characteristics of simple structure, and this method can realize fractional-order devices with order between zero and one. Utilizing GIC, fractional-order devices with order between zero and two can be achieved. Reference [24] adopted the rational approximation method to implement fractional-order devices, and the approximation circuit is a typical chain structure, and the approximation effect is better in a certain frequency range, furthermore, the error between the approximate impedance and the theoretical impedance decreases with the number of RC or RL block increasing. Reference [25] used the fractional-order capacitor and GIC circuit to realize fractional-order inductor with order between zero and two, but one terminal of its fractionalorder inductor is grounded, and this characteristic limits its application.
The arrangement of this paper is as follows. In section II, firstly, the definitions and differences of Riemann-Liouville and Caputo derivative are introduced, then the steady-state value of fractional-order Buck converter operating in continuous conduction mode (CCM) is derived by the fractional definition of Riemann-Liouville. The differences between the models of Caputo and Riemann-Liouville derivative are discussed in section III. In section IV, exploiting the rational approximation method and GIC, the fractional-order capacitors and inductors of order 0.9 and order 0.95 are implemented respectively, besides the prototype of the fractional-order Buck converter is built, then the simulation and experimental results are analyzed in detail. Finally, section V gives the conclusion.
II. MODELING OF FRACTIONAL-ORDER BUCK CONVERTER
The fractional differential of Riemann-Liouville is defined as [9] :
where α is order, α ≥ 0 and n − 1 ≤ α < n, n is a positive integer, (·) is the Gamma function. When
The fractional differential of Caputo is defined as [26] :
where α ≥ 0 and n − 1 ≤ α < n, When In the light of (2) and (4), the Riemann-Liouville derivative of a constant is not zero. But the Caputo derivative of a constant is zero, and it is the same as the integer-order derivative of a constant.
The circuit diagram of the fractional-order Buck converter is shown in Fig. 1 . It mainly consists of the DC power supply v in , the switch S, the diode D 1 , the fractional-order inductor L, the fractional-order capacitor C and the load R. For fractionalorder inductor and fractional-order capacitor, their voltagecurrent relationship can be expressed as:
Here, i L , i C are the current of fractional-order inductor and capacitor respectively. v L , v o indicate the voltage of fractional-order inductor and capacitor respectively. α, β are the order of fractional-order inductor and capacitor respectively, and this paper discusses the case where the order is between zero and one.
Fractional-order Buck converter contains two operating states in CCM. The switch S on and the diode D 1 off are operating state 1(t 0 < t < t 0 + dT ), and its state equation is expressed as:
The switch S off and the diode D 1 on are operating state 2(t 0 + dT < t < t 0 + T ), and its state equation is described as:
According to the property of fractional definition of Riemann-Liouville [9] , the average value of the fractionalorder inductor voltage in one cycle can be expressed as:
When the low-frequency hypothesis and the small ripple hypothesis are satisfied, it can be considered that VOLUME 7, 2019 <
and they are approximately constant. Therefore,
Similarly, the following equation can be obtained.
The average values of the input voltage, output voltage, inductor current and duty cycle of fractional-order Buck converter can be described as the sum of the dc component and the ac component respectively in the case of small disturbance, i.e.
The following expression can be derived by substituting (12) into (10) and (11) .
The dc component can be separated from the above equation [14] , as follows:
On the basis of Riemann-Liouville derivative, i.e. (2), and the following equation can be deduced.
The steady-state value of the output voltage and inductor current, i.e. quiescent operating point, can be obtained by solving the above equation.
The voltage gain solved by the fractional definition of Riemann-Liouville can be expressed as:
According to (17) , when L = 470µH, C = 9.4µF, f = 20kHz, R = 10 , D = 0.5, the relationship between voltage gain based on Riemann-Liouville derivative and circuit parameters can be drawn, as shown in Fig. 2 . Fig. 2a shows the dynamic process of voltage gain with the change of order. The voltage gain is minimal when α and β are approximately equal to 0.9. At the same time, it can be found that α has a greater effect on the voltage gain, whereas β has a less impact on the voltage gain. It can be seen from Fig. 2b that when β is a fixed value, with the increase of α, the voltage gain first decreases slowly and then increases sharply. The voltage gain is the smallest when α is approximately equal to 0.9. Besides, it can be seen that the voltage gain varies over a wide range with the change of α. As can be seen from Fig. 2c , when α is equal to 1, the voltage gain remains constant, which is equal to the duty cycle D. The voltage gain is the smallest when β is approximately equal to 0.9. Meanwhile, it can be found that the voltage gain varies over a small range with the change of β. The relationship between voltage gain based on Riemann-Liouville derivative and load R is shown in Fig. 2d . It can be seen that when α = β = 1, the voltage gain is equal to the duty cycle D, and it is consistent with the traditional integer-order Buck converter. But for the other cases in Fig. 2d , the voltage gain grows along with the increase of R, when the order is fixed.
As can be seen from the above analysis, when the traditional integer-order Buck converter cannot be reduced to the required voltage gain by adjusting the duty cycle, the fractional-order Buck converter can further reduce the voltage gain by adjusting the order to achieve the system requirements. Therefore, fractional-order Buck converter can provide the additional degrees of freedom and increase the flexibility of design, and it can be applied to practical situations that require higher system stability and lower voltage gain.
On the basis of (7), the ripple of inductor current can be deduced.
The critical inductor current can be described as:
In order to make fractional-order Buck converter operate in CCM, the following condition needs to be satisfied.
Thus, the CCM region and discontinuous conduction mode (DCM) region can be drawn, as described in Fig. 3 . It can be found that fractional-order Buck converter operates in CCM when α is approximately greater than 0.89. 
III. COMPARISONS BETWEEN THE MODELS OF CAPUTO AND RIEMANN-LIOUVILLE DERIVATIVE
According to [14] , the steady-state value of the output voltage and inductor current based on Caputo derivative can be obtained.

The voltage gain based on the fractional definition of Caputo can be described as the following equation.
The differences between the models of Caputo and Riemann-Liouville derivative are listed in Table 1 . It can be found that there are greater differences between the models of Riemann-Liouville and Caputo derivative, and the differences are mainly reflected in the voltage gain and the inductor current. It can be seen from Table 1 that the steady-state value of inductor current solved by the fractional definition of Caputo is independent of the order, whereas the steady-state value of inductor current deduced by the fractional definition of Riemann-Liouville is associated with the order. When α = β = 1, the inductor current based on Riemann-Liouville derivative is equal to DV in R , and it is the same as the inductor current based on Caputo derivative.
In the light of (16), the relationship between the steadystate value of inductor current based on Riemann-Liouville derivative and the order can be drawn, as shown in Fig. 4 . The relationship between inductor current and order α is shown in Fig. 4a , and it can be found that when β is a fixed value, with the increase of α, the inductor current first reduces slowly and then grows sharply. The inductor current is minimal when α is approximately equal to 0.9. As can be seen from Fig. 4b , when α remains unchanged, with the increase of β, the inductor current first increases slowly and then decreases sharply. The inductor current is maximal when β is approximately equal to 0.9.
In addition, as can be seen from Table 1 , the expressions of voltage gain deduced by different definitions are also different. It is well known that the voltage gain of the traditional integer-order Buck converter is equal to the duty cycle [27] , and it is the same as the voltage gain solved by the fractional Since the expression of the inductor current deduced by the fractional definition of Riemann-Liouville contains the voltage gain, therefore, it is only necessary to verify that the voltage gain is associated with the order, and it can be concluded that the inductor current is related to the order.
IV. SIMULATION AND EXPERIMENTAL VERIFICATION A. APPROXIMATION OF FRACTIONAL-ORDER CAPACITOR AND INDUCTOR
In order to make the system operate in CCM, the fractionalorder capacitors and inductors of order 0.9 and order 0.95 are implemented in this paper respectively, then it is used to verify which model is more accurate, and the models described here are established by the Caputo and Riemann-Liouville definitions respectively. In addition, it should be noted that when the order is selected in practical application, the required voltage gain and ripple requirements need to be considered comprehensively.
The impedance of the fractional-order capacitor can be expressed as: It can be seen from the above equation that the impedance of fractional-order capacitor includes both resistance and reactance. Furthermore, its magnitude-frequency characteristic curve is a straight line with a slope of −20β dB/dec, and the phase-frequency characteristic curve is a horizontal line with a magnitude of −βπ/2 deg.
Firstly, the implementation process of 0.9 order fractionalorder capacitor is introduced. Fractional-order capacitor is realized by utilizing Oustaloup's rational approximation method in this work [28] . C = 9.4µF and the operating frequency f = 20kHz are selected. The frequency domain transfer function of the 0.9 order fractional-order capacitor can be described as: Z c (s) = 10 6 9.4s 0.9 (24) Equation (24) 
According to (25) , the fractional-order capacitor can be realized by the approximate circuit that is shown in Fig. 5 . Simultaneously, the resistance and capacitance theoretical values of 0.9 order fractional-order capacitor approximate circuit can be calculated [24] , as listed in Table 2 , and their corresponding actual values are also shown in Table 2 . Additionally, the 0.95 order fractional-order capacitor can be constructed by the same method, and the resistance and capacitance values of 0.95 order fractional-order capacitor approximate circuit are listed in Table 2 . The error of the constructed fractional-order capacitors decreases with the increase of n [18] . Therefore, it is not appropriate to choose a smaller n, and the n selected in this paper is greater than 3.
The impedance of fractional-order inductor can be described as:
The impedance of the fractional-order inductor includes both resistance and reactance. Furthermore, its magnitude-frequency characteristic curve is a straight line with a slope of 20α dB/dec, and the phase-frequency characteristic curve is a horizontal line with a magnitude of απ/2 deg.
Secondly, the implementation process of the fractionalorder inductor is introduced. Utilizing GIC circuit, the fractional-order inductor is realized in this paper. L = 470µH is selected, and the frequency domain transfer function of the α order fractional-order inductor can be described as:
The approximation circuit of fractional-order inductor based on GIC is shown in Fig. 6 , and its input impedance can be expressed as the following equation [17] .
The 0.9 order or 0.95 order fractional-order capacitor which has been implemented above is selected as the impedance Z 2 . The pure resistance is chosen as the impedance Z 1 , Z 3 , Z 4 and Z 5 , and their resistance values are expressed as Z 1 = 10 , Z 3 = 10 , Z 4 = 20 , Z 5 = 10 respectively. In this way, 0.9 order and 0.95 order fractional-order inductors can be realized.
The frequency characteristics of the constructed fractionalorder devices are measured by the frequency response analyzer (Venable Model 6305). The magnitude-frequency and phase-frequency characteristic curves of fractional-order devices are described in Fig. 7 . It can be seen from Fig. 7a that the slope of magnitude-frequency characteristic curve of 0.9 order fractional-order capacitor is −19.5 dB/dec, and its theoretical slope is −18 dB/dec, then its relative error is 8.3%. The phase of 0.9 order fractional-order capacitor is −80.2 deg at 20 kHz, and its theoretical phase is −81 deg, VOLUME 7, 2019 so its relative error is 1%. Fig. 7b shows that the slope of magnitude-frequency characteristic curve of 0.95 order fractional-order capacitor is −20.7 dB/dec, and its theoretical slope is −19 dB/dec, then its relative error is 8.9%. The phase of 0.95 order fractional-order capacitor is −84.8 deg at 20 kHz, and its theoretical phase is −85.5 deg, so its relative error is 0.8%. As can be seen from Fig. 7c , the slope of magnitude-frequency characteristic curve of 0.9 order fractional-order inductor is 18.5 dB/dec, and its theoretical slope is 18 dB/dec, then its relative error is 2.8%. The phase of 0.9 order fractional-order inductor is 77.8 deg at 20 kHz, and its theoretical phase is 81 deg, so its relative error is 4.0%. Fig. 7d describes that the slope of magnitude-frequency characteristic curve of 0.95 order fractional-order inductor is 19.6 dB/dec, and its theoretical slope is 19 dB/dec, then its relative error is 3.2%. The phase of 0.95 order fractional-order inductor is 84.3 deg at 20 kHz, and its theoretical phase is 85.5 deg, so its relative error is 1.4%. Consequently, the error of the constructed fractional-order devices is acceptable. 
B. SIMULATIONS AND EXPERIMENTS
Firstly, the fractional-order Buck converter is built by using PSIM simulation software, and the schematic diagram of the converter is described in Fig. 8 . It can be seen from Fig. 8 that the fractional-order inductor and capacitor replace the integer-order inductor and capacitor of the traditional Buck converter to construct the fractional-order Buck converter, and the fractional-order capacitor and inductor described here have been implemented in the previous section. The specific circuit parameters are listed in Table 3 . The simulation that the load and order change is carried out, where the load varies between two values of 10 and 20 , and the order varies between three values of 0.9, 0.95 and 1. Fig. 9 shows the simulation waveforms of the output voltage and inductor current of fractional-order Buck converter under different α and β conditions when the load equal to 10 . It should be noted that when the load is 20 , and its corresponding waveform is similar to that of 10 , therefore only the waveform with the load of 10 is given. It can be seen from Fig. 9 that the system operates in CCM, and the waveforms of the output voltage and inductor current vary along with the change of order.
The detailed theoretical and simulation results of voltage gain are listed in Table 4 . Here, the theoretical results of voltage gain are obtained by the fractional definition of Riemann-Liouville. The simulation results of voltage gain can be calculated from the average value of the output voltage in the simulation. As can be seen from Table 4 , the simulation values of voltage gain are related to order and load. When α is equal to 1, the simulation values of voltage gain remain unchanged. For other cases, the simulation results of voltage gain reduce along with the decrease of β. The simulation results are consistent with the theoretical results.
Secondly, the experimental prototype of the fractionalorder Buck converter is built, as shown in Fig. 10 . The parameters of the experimental prototype are the same as the simulation parameters, in addition, the model of switch and diode are IRF540N and MBR2045CT respectively, and the type of high-power operational amplifier is OPA2544. The controller provides a driving signal for the switch, and the controller is DSP(TMS320F28335). Fig. 11 shows the experimental waveforms of the output voltage and inductor current of fractional-order Buck converter under different α and β conditions when the load equal to 10 . As can be seen from Fig. 11 , the experimental and simulation waveforms are identical.
The detailed experimental results of voltage gain are listed in Table 4 . The average of the output voltage can be obtained by the oscilloscope, thus the experimental results of voltage gain can be calculated. It can be seen that the experimental values of voltage gain are associated with order and load. Taking into consideration the error of fractional-order devices together with the forward voltage of the switch and diode, the error between theoretical and experimental results is acceptable. Besides, as can be seen from Table 4 , the overall trend of theoretical, simulation and experimental results are consistent. Therefore, the correctness of the theoretical analysis is verified, i.e., the fractional definition of Riemann-Liouville is more suitable for analyzing Buck converter.
The high frequency ripple component is an important performance of fractional-order Buck converter, therefore, the theoretical verification of the inductor current ripple is given next. According to (18) , the theoretical values of the inductor current ripple can be obtained. Furthermore, on the basis of Fig. 9 and Fig. 11 , the simulation and experimental values of the inductor current ripple can be acquired when the load is 10 , and they are listed in Table 5 . As can be seen from the table below, the theoretical, simulation and experimental results of the inductor current ripple are basically consistent. Hence it is verified that the theoretical derivation is correct.
Furthermore, the efficiency of the fractional-order Buck converter is measured, as listed in Table 5 . It can be seen from Table 5 that the efficiency of fractional-order Buck converter is slightly lower than that of integer-order Buck converter. It is because the impedance of fractional-order capacitor and inductor is composed of resistance and reactance, when the order is between 0 and 1, the fractional-order capacitor and inductor will consume some active power.
Finally, in order to verify the critical state of DCM and CCM, the experiment with the change of inductor order is carried out. As can be seen from Fig. 9 and Fig. 11 , when the order of the inductor is 0.9, the minimum value of the inductor current is greater than 0, i.e. the system operates in CCM. By using the methods described in Section IV, the fractionalorder inductors of order 0.88 and order 0.89 are constructed in this paper respectively, and the order of the fractionalorder capacitor remains unchanged and equals 1. Then the experiment is carried out, and the experimental waveform is shown in Fig. 12 . It can be seen from Fig. 12 that when the order of the inductor is reduced to 0.89, the minimum value of the inductor current is almost equal to 0, i.e., the system works in the critical state. When the order is further reduced to 0.88, the system operates in DCM. That is consistent with the analysis in Fig. 3 .
V. CONCLUSION
In this paper, the quiescent operating point of the fractionalorder Buck converter is deduced by utilizing the fractional definition of Riemann-Liouville. The voltage gain based on the fractional definition of Caputo is the same as that of the traditional integer-order Buck converter. However, the voltage gain solved by the fractional definition of Riemann-Liouville is not only associated with the duty cycle D but also related to the order α of the fractional-order inductor, the order β of the fractional-order capacitor and the load R. In addition, it can be found that the voltage gain based on Riemann-Liouville derivative is equal to the duty cycle D, when α is equal to 1. The condition that the fractionalorder Buck converter works in CCM is derived, and it is relevant to the order α and the order β. Given that the system needs to operate in CCM, the fractional-order capacitors and inductors of order 0.9 and order 0.95 are constructed respectively. Finally, the fractional-order Buck converter is simulated, and the experimental prototype of the fractionalorder Buck converter is established. The overall trend of theoretical, simulation and experimental results are consistent, hence the conclusion that the fractional definition of Riemann-Liouville is more suitable for analyzing Buck converter is proved.
